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§1. Introduction and results 


For any positive integer k, the famous Smarandache kn-digital sequence a(k,n) is defined 
as all positive integers which can be partitioned into two groups such that the second part is k 
times bigger than the first. For example, Smarandache 3n digital sequences a(3,n) is defined 
as {a(3,n)} = {13, 26, 39, 412,515, 618, 721, 824,---}, for example, a(3,15) = 1545. In the 
reference [1], Professor F. Smarandache asked us to study the properties of a(k,n), about this 
problem, many people have studied and obtained many meaningful results. In [2], Lu Xiaoping 
studied the mean value of this sequence and gave the following theorem: 


n 9 
= -InN + O(1). 
>» a(5,n)  50In10 wy 


In [3], Gou Su studied the hybrid mean value of Smarandache kn sequence and divisor 
function o(n), and gave the following theorem: 


a(n) 3x7 
= -] O(1 
Daa k-20-1n10 ee) 
where 1 <k <9. 

Inspired by the above conclusions, in this paper, we study the hybrid mean value properties 


of the Smarandache kn-digital sequence with SL(n) function and divisor function d(n), where 
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SL(n) is defined as the smallest positive integer k such that n|[1,2,...,4], that is SL(n) = 
min{k: k € N,n|[1,2,...,k]}. And obtained the following results: 

Theorem 1.1. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic 
formula 


SL(n) 3x? 


n<ux 


Theorem 1.2. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic 
formula 


n)- n me 
> d( a ) == 5G -Inlng + O(1). 


n<ux 


§2. Lemmas 


Lemma 2.1. For any real number x > 1, we have 


2 ee ee 


2 
= In* x 


Proof. For any real number x > 1, by reference [4] we have the asymptotic formula 


Te" ie? 


n<u 


Using Abel formula (see [6]) we get 

YD = elie Ole) +f al et Ole)) 4 
- =. ce (=) . 5 a a eel (ee it) 

6 Te ua (22) 

Lemma 2.2. For any real number x > 1, we have 


tg 10() 


2 
nee In* x 


hee lA 


This proves Lemma 2.1. 


Proof. For any real number x > 1, by reference [5] we have the asymptotic formula 


a(n) -$L(n) = = = o( ). 


n<x 
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Using Abel formula (see [6]) we get 
d(n) - SL(n) 1fx* x [ Lia ¢ i? 
= : O(| —- O dt 
Ds n z\36 Inz ” In? x " , 2 \36 Int = In? ¢ 


l<n<a 
wt og x wt f? 1 "1 
= ; +O dt +O —z— dt 
36 Ing (a2)+%/ Int “* (/ In? t ) 


This proves Lemma 2.2. 


§3. Proof of the theorems 


In this section, we shall use the elementary and combinational methods to complete the 
proof of our theorems. We just prove the case of k = 3 and k = 5, for other positive integers 


we can use the similar methods. 


First we prove theorem 1.1. Let & = 3, for any positive integer x > 3, there exists a positive 
integer M such that 


33 °++33 <a < 33---33. 
— VS 
M M+1 


So 


10) 1-39 2 10" =I, 


Then we have 


In 3x 1 In 3x2 1 
< 26 
mio: 0 (sq) SiS F10 0 (sur) (1) 


By the definition of a(3,n) we have 


EBS - DAS Ee EBD 
. a fon 


M+2 : 
irae n(10 + 3) 
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Form (1), (2) and lemma 2.1 we get 


Lok 
SSN SL(n) > SL(n) > SL(n) 
k - (10% ~ - (10% 
ere n- (10* + 3) ere n- (10% + 3) jae n- (10% + 3) 
ee Br tg 2 
6 10* +3 In(3 - 10*) k2 
3n7 1 1 
= « e 3 
3-20 =+0(z) ) 
1 
Note that the identity » >z= n /6 and the asymptotic formula 
n 
n=1 
1 1 
S- ;=mM+y7+0 (3) ' 
1<k<M 
where ¥ is Euler’s constant. 
Form (1), (2) and (3) we get 
3 33 333 3-10 —1 
SL(n) Ss SL(n) 2 3 SL(n) 3 SL(n) ee SL(n) 
24, a(n) ~ 24 a(8n) ) 24 a,n) 24 an) i OD 
SL 
+4 S- (n) 


Now we prove the case of k = 5, for any positive integer x > 1, there exists a positive 
integer M such that 


200---00 <x <199---99. 
—_e —_e 
M M-+1 


So 


10” <5a2<10”t!_5, 


Then we have 
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By the definition of a(5,n) we have 


> SL(n) 7 SE) Ss SL(n) > SL(n) ose SL(n) 
Snkn H5,7) “+ a(5,n)  Sal5,n) 4, a(5,n) ern a(5,n) 
SL(n) 
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n > SL(n) > SL(n) 5) 
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Form (4), (5) and lemma 2.1 we get 
o> SL(n) | > SL(n) > SL(n) 
: n-(10* +5) n+ (10* + 5) n- (10* + 5) 
n=¢-10k-1 #-10*-1 4-108-1 
_ 3710-510? 1 -o(2 
6 10* +5 In(# - 10*) k2 
3n2 1 1 
7 595° + (Ga) 
Similar to the proof k = 3, we get 
> SL(n) 57 Sn) .3 SL(n) > SU(m) oil SL(n) 
Sree U5") <4 a(5,n)  Sal5,n) 4% a(5,n) petaga 1 H5,7) 
SL(n) 
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4-10/@ <n<x 
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5-20 k° k2 
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2 
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By using the same methods, we can also prove that the theorem holds for all integers 
1<k<9Q. This completes the proof of theorem 1.1. 

Similar to the proof of theorem 1.1, we can immediately prove theorem 1.2, we don’t 
repeated here. As the promotion of this article, we can consider the hybrid mean value of 
Smarandache kn sequence with other functions such as SL*(n), Sdf(n), 0(S(n)), Q(S*(n)), and 
obtain the corresponding asymptotic formula. 
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